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Abstract

In relation to a polar continuum, this paper presents a 2-D shear deformable theory for the high frequency vibra-
tions of a thin elastic shell. To begin with, the 3-D fundamental equations of the micropolar elastic continuum are
expressed as the Euler—Lagrange equations of a unified variational principle. Next, the kinematic variables of the shell
are represented by the power series expansions in its thickness coordinate, and then, they are used to establish the 2-D
theory by means of the variational principle. The 2-D theory is derived in invariant variational and differential forms
and governs all the types of vibrations of the functionally graded micropolar shell. Lastly, the uniqueness is investigated
in solutions of the initial mixed boundary value problems defined by the 2-D theory, and some of special cases are indi-
cated in the theory.
© 2005 Elsevier Ltd. All rights reserved.

Keywords: Functionally graded polar shells; High frequency vibrations; Uniqueness theorem

1. Introduction

Polar materials are certain class of materials possessing granular, fibrous or coarse-grain structure that
can support the couple stresses and the body couples and are influenced by the spin inertia. Research inter-
est in polar continua was initiated by Poisson in 1842 and was elaborated by Voigt in 1887 (see, e.g., Love,
1944), and many other pioneers, Kirchhoff, Clebsch, Duhem, the Cosserat brothers and Sudria made some
contributions. The reason of departure from the classical (non-polar) theory of elasticity to the polar theory
of elasticity was due to the discrepancies between the result of the classical theory and the experiments in
certain instances. In fact, it is known that the classical theory fails to explain the dispersion phenomena at
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high frequencies and small wavelengths of surface waves. Besides, it is inadequate in treating the vibrations
of granular materials and materials with large molecules such as polymers, and in analysing the stress con-
centrations near notches and cracks. The discrepancies were attributed to the basic axiom of the classical
theory, that is, the transmission of interaction between any two particles of materials is assumed to be solely
through the action of a force vector. As a first step to eliminate the discrepancies, Voigt (1887) postulated,
contrary to Cauchy’s second law of motion, that the transmission of interaction is through a force vector as
well as a couple or moment vector, thus giving rise to the so-called couple stress theory of elasticity. In the
couple stress or polar theory, a material element of continua has six-degrees of freedom, a displacement
vector and an independent microrotation vector, whereas it has three-degrees of freedom in the non-polar
theory. Following Voigt, the Cosserat brothers (1909) developed a rational polar theory of continua but
omitting the constitutive relations. Some fifty years later, an explosion of renewed interest arose for polar
continua and further emphasis was directed to related theories by a number of eminent scientists (e.g., Glin-
ther, 1958; Truesdell and Toupin, 1960; Grioli, 1960; Aero and Kuvshinskii, 1961; Mindlin and Tiersten,
1962; Toupin, 1964; Eringen and Suhubi, 1964; Palmov, 1964; Koiter, 1964). The polar theories of continua
with rigid and deformable directors were reviewed, including the historical background and developments,
the inherent assumptions in the theories advanced to date, and the applications (e.g., Kunin, 1982, 1983;
Capriz, 1989; Erofeyev, 2003).

Among the polar theories of continua, the micropolar theory that may be applicable to both solids and
fluids is adopted here due to its deterministic, experimentally corroborated and hence universally accepted
nature. Eringen and Suhubi (1964) initiated the theory as a special case of their continuum theory of micro-
elastic solids. Later, the theory was recapitulated, discussed its thermodynamical foundations and renamed it
as the micropolar theory where the stretches and distortion of microstructure were excluded (i.e., rigid direc-
tors). The micropolar theory is now a subject of intensive study from both mathematical and engineering
point of view. However, relatively few experimental studies of a corroborative character were conducted
so as to identify the materials of which the behaviour tallies with that of micropolar continua (e.g., Gauthier,
1982). This is largely due to the difficulty in isolating the effect of couple stress, and hence, in determining the
micropolar material constants. Recently, an up-to-date works devoted to micropolar elasticity theory were
presented, including some static and dynamic applications (e.g., Dyszlewicz, 2004, and references therein).

The micropolar theory takes into account the granular character of a continuum and describes its defor-
mations by a pair of the displacement and microrotation vectors. Of the fundamental equations of the the-
ory, the divergence equations were developed in integral (global) from, and then, they were established in
differential form under certain regularity and local differentiability conditions of the field variables. The rest
of the fundamental equations (i.e., the gradient equations, the constitutive relations, and the boundary and
initial conditions) were stated in differential form. The internal consistency of the fundamental equations,
that is, the existence and uniqueness in their solutions was well established. The fundamental equations
were alternatively expressed in variational form through some variational principles with their well-known
features. Hellinger (1914) and much later Reissner (1950, 1965) was the first to obtain some variational
principles that generate the divergence equations and the divergence equations together with the natural
boundary conditions, respectively, in elasticity as well as in polar (oriented) elasticity. Several variational
principles with their reciprocals were derived in micropolar elasticity, including even the non-local, thermal
and electrical effects (e.g., Dékmeci, 1973, 1979; Nowacki, 1986; Felippa, 1992; Steinmann and Stein, 1997;
Mosconi, 2002, and references cited therein). Most recently, as an extension of the Hellinger—Reissner var-
iational principles, Altay and Dékmeci (2004a,b) formulated a unified variational principle for laminated
polar elastic continua. This variational principle is now used in deriving the system of 2-D equations for the
high frequency vibrations of micropolar shells.

Shells are the 3-D structural elements characterised by a geometric parameter € < 1, that is, their 1-D is
much smaller than the others. Accordingly, they were mathematically modelled as a 2-D continuum and
their physical response was almost always predicted by use of the 2-D equations deduced from the 3-D
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fundamental equations of continuum. In deducing the 2-D equations, different type of approaches based
mainly on a kinematic hypothesis was employed, and they can be found in the treatises (Kil’chevskiy,
1965; Naghdi, 1972; Villaggio, 1997; Libai and Simmonds, 1998; Rubin, 2000). Both the 3-D fundamental
equations and the 2-D equations inherently contain some inevitable as well as unmeasurable errors of exper-
imental nature in the constitutive relations, though the former is more accurate and less tractable in compu-
tation than the latter. The relative merit of using either the fundamental equations or the lower order
equations essentially depends on the geometric parameter; this point of importance was recently discussed
(Altay and Dokmeci, 2003). By use of the 2-D equations, the vibrations of shells with various shapes, vibra-
tion modes and materials were abundantly investigated, including some experimental measurements of spe-
cific characteristics (e.g., Liew et al., 1993; Steele et al., 1995; Qatu, 2002). These works were mainly directed
toward the vibrations of shells made of non-polar materials under the mechanical effects at low frequencies
where the wavelength is large as compared with the shell thickness. At high frequencies where the wavelength
is of the order of magnitude or smaller than the thickness, only a few works were reported dealing with the
vibrations of shells subjected to the coupled mechanical and/or electrical, thermal and magnetic effects (e.g.,
Le, 1999; Wang and Yang, 2000; Altay and Dokmeci, 2001). However, no results were reported for the
vibrations of shells made of functionally graded non-polar or micropolar materials. Functionally graded
materials are properly conceived and tailored to achieve particular combination and characteristics of mate-
rials desired. They have properties varying continuously in certain direction as a new design feature for struc-
tural elements at high frequency vibrations in advanced technologies (Suresh and Mortensen, 1998).

Investigations concerning micropolar structural elements were rather scanty and mostly devoted to
specific problems of rods (e.g., Smith, 1970; Potapenko et al., 2004), plates (e.g., Ariman, 1968) and shells
with special geometrical configuration (Yeh and Chen, 1993). A 2-D theory of micropolar plates was for-
mulated as an extension of the classical theory of elastic plates (Eringen, 1967) and using a method of
asymptotic expansion (Green and Naghdi, 1967; Erbay, 2000). Some results under the plane stress assump-
tion (Ambartsumian, 2002) and a canonical formulation (Saczuk, 1995) for the micropolar shells were
given. Within the context of Love’s second approximation of elastic shells, a 2-D theory of micropolar
shells was deduced from the 3-D fundamental equations (Dékmeci, 1970). A comprehensive survey on
shells made of polar materials was reported with no works on the vibrations of micropolar shells at high
frequency or with functionally graded material and/or in fully variational form (Rubin, 2000; Qatu,
2002; Dyszlewicz, 2004; Rubin and Benveniste, 2004).

The aim of this paper is to derive a system of 2-D shear deformable equations for the high frequency
vibrations of micropolar thin elastic shells in invariant differential and variational forms, to examine the
uniqueness of solutions in the system of 2-D shell equations and to point out certain special cases.

The remainder of this section contains the notation to be used in the paper. This is followed in Section 2
by a summary of the 3-D fundamental equations of micropolar elasticity in differential form, and also in
variational form. In Section 3, the kinematics of a micropolar shell is considered, the displacement and
microrotation vectors are represented by the power series expansions in the thickness coordinate. Also,
the 2-D linear gradient equations and non-linear constitutive relations of the functionally graded shell
are recorded in this section. Section 4 is concerned with the derivation of the 2-D equations of the shell,
including the divergence equations, the boundary and initial conditions by means of the unified variational
principle together with the series expansions. A system of the 2-D equations of the shell is stated in both
invariant differential and variational forms in Section 5. Next, the uniqueness in solutions of the initial
mixed boundary value problems defined by the system of the 2-D shell equations is examined in Section
6. In the last section, some conclusions are drawn involving further needs of research, certain special cases
and some applications. Some preliminaries of surface geometry were given for ease of reference in Appen-
dix A, and nomenclature in Appendix B.

Notation. In this paper, standard space and surface tensors are freely used in an Euclidean 3-D space =.
Accordingly, Einstein’s summation convention is implied for all repeated subscript or superscript indices,
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unless they are enclosed with parentheses. Latin indices with the range 1-3 are assigned to space tensors and
Greek indices with the ranges 1 and 2 to surface tensors. The 6’-system of the space = is identified with a
fixed, right-handed set of geodesic normal coordinates. A superposed dot stands for time differentiation,
a comma for partial differentiation with respect to an indicated space coordinate, and a semicolon and a
colon for covariant differentiation with respect to an indicated space coordinate using the space and surface
metrics, respectively. Further, an asterisk is used to denote prescribed initial and boundary quantities. A
finite and bounded, regular micropolar region Q2 + 0Q2 with its piecewise boundary surface 0Q and closure
Q of the space is indicated by Q(¢) at time ¢. The time interval is denoted by T = [t,, ¢,) where ¢, > t, may be
infinity and the Cartesian product of the region @ and the time interval 7'by Q x 7. An overbar is used to
indicate the field quantities referred to the base vectors of the middle surface of a shell with its thickness 24,
and Z = [—h, h] to the thickness interval. Also, C,,,, refers to a class of functions with derivatives of order up
to and including () and (n) with respect to the space coordinates 0 and time z. The (n) and (p) are used to
indicate the non-polar and polar parts of a quantity, respectively.

2. Fundamental equations of micropolar elasticity

In the Euclidean 3-D space =, consider a fixed, right-handed system of geodesic normal coordinates 6'.
Let Q + 0Q with its smooth boundary surface 0Q and closure Q denote the regular region of a micropolar
continuum. The region is referred to the system of coordinates ¢'. The complementary regular sub-surfaces
of the region Q+0Q are indicated by (0Q,,0Q,) and (0Q,,0Q,,), that is, 0Q,U0Q,=0Q and
0Q, N 0Q, =, and so on, and the unit outward vector normal to the surfaces by n,. Further, let Q x T
represent the domain of definitions for the micropolar elastic fields of functions of the coordinates 6’
and time ¢ of the class C,4. The 3-D fundamental equations of the continuum may be grouped as the diver-
gence and gradient equations, the constitutive relations and the initial and boundary conditions to supple-
ment them. Now, for an ease of reference, they are summarised below for an anisotropic micropolar but
non-local as well as non-relativistic elastic continuum (e.g., Eringen, 1999).

Divergence equations (Cauchy’s first and second laws of motion)

Di=tl+p(fl —d)=0 inQxT (2.1)
D;:m'{—&—s/kltk;—&—p(lf—b’)zo inﬁxT
where ¢/, p, f, ' =i/, uz m”, I, b/ = Jf"éﬁl-, J7, ¢; and &% stand for the asymmetric stress tensor, the mass
density, the body force vector, the acceleration vector, the displacement vector; the couple stress tensor, the
body couple vector, the microacceleration vector, the microinertia tensor, the microrotation vector, and the

alternating tensor, respectively.
Gradient equations

GZ = e,, — (u]';i + 8jl'k¢k) = 0 in ﬁ x T (23)
GI«]- = €j — (]51-;_/- =0 in ﬁ x T (24)

i

where e; and ¢; are the strain and microstrain tensors.
Constitutive relations

N ) _
C/=1t/"——=0 inQxT (2.5)
ae[j
) .
Cl=m'——=0 inQxT (2.6)

661~j
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where X denotes the elastic energy density. Its quadratic form is expressed by
2 = %(C"-"kle,-jekl + BiijEjiﬁlk =+ 2Ai/kl€ij6k1 — 2Aij@€ij — ZBUQGij) (27)

By virtue of Egs. (2.5) and (2.6), the linear constitutive equations are given by

Ci{ =1 - (Ci‘fklekl + A ey —470)=0 inQxT (2:8)
CZ =mi — (A"I-/'iekl +BMey —B"@)=0 inQxT (2.9)

In these equations, O(0) denotes a prescribed steady temperature increment, and (4%, BY) and (C* = "7
B — B*) refer to the linear thermal expansion coefficients at constant stress and the isothermal elastic
stiffnesses, respectively. Moreover, they are specialised to the case of isotropy as

A7 = Bg’, BY=0, 4™ =0 (2.10)

CoM = Jglg" | (14 K)g*e" + ug'a, B = agigh 1 Balgh 4 pgitel! (2.11)
Here, A and u stand for Lamé’s elasticity constants, 3, for the coefficient of linear thermal expansion, and o,
B, vy and k are the four additional elastic moduli of isotropic micropolar continuum. In view of Egs. (2.10)
and (2.11), the linear constitutive relations from Egs. (2.8) and (2.9) takes the form

Coy =1 — [1g"g"en + (u+ 1)g" g ew + pg"¢" en — BOZ'] = 0 (2.12)

CZ; =m" — (oeg” + Bg"g" e + veng"g’) = 0 (2.13)
Also, the microinertia tensor becomes J7 = Jg’.

Boundary conditions

Bl=t —nt'=0 ondQ xT (

Bl=u;—u;=0 onodoQ,xT (

B =m/ —nm’ =0 ondQ,xT (2.16

Bl=¢,—¢; =0 ondQ,xT (

where ¢/ = n;t” and m’ = nam” are the stress and couple stress vectors, respectively.
Initial conditions

I'=u(0,t0) — v} () =0, J"=w(0)) —iu,(0/,15) =0 in Q(to) (2.18)
1= $(0,10) = @} (0) =0, J7 = @(0') — $(0',10) =0 in Q1) (2.19)

Fundamental equations. The system of foregoing Eqs. (2.1)—(2.9) is deterministic, that is, there exist 42
equations for 42 dependent variables, (1 € Cy, e;; € Coo, u; € Cy») and (m” € Cyo, e;j € Coo, ¢; € C12), of
the functions of the space coordinates ' and time ¢. The boundary and initial conditions (2.14)~(2.19)
are shown to be sufficient for a unique solution of the linear Eqs. (2.1)—(2.4), (2.8) and (2.9). Now the system
of fundamental equations is expressed by the Euler-Lagrange equations of a unified variational principle
(Altay and Dokmeci, 2004a,b) as follows:

Unified variational principle. The principle is deduced from Hamilton’s principle by modifying it through
an involutory transformation, and it is expressed as

SL{A} =0 (2.20)

with its functional of the form
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L{A) = /Tdt/g [k — ey, e)]dV + /T dt/g(ffG;; +miG)dY + /T d;/gp(f"u,- + i)V

+/dz/ B;’njtideJr/dt/ t;u,.ds+/dz/ Bfnjmffds+/dt/ m ¢;dS  (2.21a)
T 0Q, T 0Q, T Qy T 0Q,,

and its admissible state of the form
AA = {u,- S Clz,e,:,- S C()(),tij c Cl(); (f)[ S C12,6,—j S C()(),mij S CIO} (221b)

for a regular region 2 + 0Q of the micropolar continuum. In Eq. (2.20), the kinetic energy density is given
by

k=ky+ky k,=3ipiliy, k,=1pJ"$., (2.22)
Executing the variations indicated in Eq. (2.20), one arrives at the variational equation of the form
OL{A} = 8L, {A,} +06L,{A,} =0; A,=A4,U4, (2.23)

Here, the denotations of the form

T Q T o

o)
+ / de / B'n;dt7 dS (2.24)
T 0Q,
8L, {A, = ¢, e,m"} = /Tdt/Q(DLqu,.+G§5mff+cgaeij)dV+/Tdt£Q B3¢, dS
+/dt/ Bn;dm" dS (2.25)
T aQ¢,

are introduced.

Evidently, the Euler—Lagrange equations of the functional have all the fundamental equations of micro-
polar elasticity except the initial conditions. The variational principle with its functional is an integral type
of variational principles with their well-known features. The functional (2.21) contains the virtual work
associated with the surface tractions and couples, # and m’, and hence it is expressed in a mathematically,
though not physically, an appropriate form.

3. Deformation and strain fields, and constitutive relations

General background. The shell of uniform thickness 2/ is mathematically approximated to a 2-D surface
by the fundamental assumption of the form

2h 2h

eS—RO<<1, nS—L<<1 (3.1a)
Here, ¢ and 75, Ry and L represent the shell parameters, the least principal radius of curvature and the
smallest structural dimension of the middle surface, respectively. Besides, the first of the restriction (3.1)
is a sufficient condition to ensure the existence of the shell tensor (or the shifters) yj that plays an important
role in the relationships between the space and surface tensors (Naghdi, 1972).

Moreover, no singularity or discontinuity of geometric and loading type is considered in the shell region
V' 4+ 0V, and hence, all the field variables together with their derivatives are taken to be exist, single-valued

and piecewise continuous functions of the space coordinates and time. The field variables are assumed not
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to vary widely across the thickness interval Z = [—h, /] of the shell, and hence, to be averaged over the inter-
val Z. Besides, the shell region is taken to be at an elastic range under the mechanical and steady thermal
loads. The micropolar region, V' + 0V, is treated as a thin (not moderately thick or thick) shell within the
linear theory of micropolar elasticity. The thinness hypothesis is characterised by the parameters e, and 7,
while the range of applicability of the geometrically linear theory is primarily determined by another shell
parameter of the form

,  max |u]
BT

where u; are the components of the mechanical displacements of the shell. Only, a very few authors (e.g.,
Kil’chevskiy, 1965; John, 1965; Berger, 1973) were concerned with the upper limits of the shell parameters,
and they proposed somewhat arbitrary limits based on the physical considerations. The parameters evi-
dently appeal to much greater elaboration that involves simultaneously the errors of both the kinematical
and constitutive nature as discussed in a treatise (Libai and Simmonds, 1998) and a recent comment (Altay
and Dd&kmeci, 2003).

Method of reduction. Among the various methods of reduction (e.g., Koiter and Simmonds, 1973;
Gol’denveizer, 1997; Pikul, 2000), the method of series expansions is used for the derivation of the 2-D
equations of a micropolar shell. This method rests entirely upon the choice of a field variable as a basis
of the derivation at the outset, that is, its series expansions in the thickness coordinate that should be com-
plete, and then, on a direct integration or variational averaging procedure over the thickness interval. The
deformation field is chosen as the basis in deducing the 2-D shell equations from the 3-D fundamental equa-
tions of micropolar elasticity. The kinematical choice is a conventional one due to the fact that the differ-
entiation operation is usually simpler than the integration operation, and also, no further equations of
compatibility type involve with the derivation. A large class of refined theories of shells (plates) and rods
made of several materials was derived by use of kinematic hypotheses. Besides, all the significant effects of
higher orders can be taken into account by use of the series expansions of the deformation field. The series
expansions can be truncated at a specific order of approximation so as to yield the classical results of elastic
shells and plates. Moreover, any other field quantity may be selected as the basis of derivation in lieu of the
deformation field (e.g., stresses, strains, and energy). The choice of the basis is an important one, and it was
recently discussed, including various methods of reduction (Altay and Dékmeci, 2003).

Micropolar deformation field. In view of the fundamental assumptions, (3.1), the shifted components of
the displacement and microrotation vectors of the micropolar shell are approximately expressed by

(3.1b)

(0, 1) = iul@(e“, nwl (0°) (3.2)
n=0
G0, 1) = " (0%, 1)) (6) (3.3)

n=0

Here, the shifted components stand for the components referred to the base vectors of the middle surface.
In Egs. (3.2) and (3.3), from the mathematical standpoint, a separation of variables solution is sought for
the 2-D equations of the micropolar shell which are derived in the following sections. Thus, the vector func-
tions, it,(-") € Cp; and (}E") € Cy,, of order (n) are unknown a priori and independent functions of the surface
coordinates 6* and time ¢. The approximating functions, ‘I’f") and @E”) , are consistently taken in the form
P =" = M=N (3.4)

1

The kinematic hypothesis, Egs. (3.2)—(3.4), is a generalisation of the Kirchhoff-Love hypotheses of elastic
shells that was widely used in deriving the higher order theories of structural elements (Wang and Yang,
2000). The conventional shell equations include only the two tangential components of the microrotation
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vector, that is, ¢,, while the third component is also retained in Eq. (3.2) for ease of derivation, and it can
be readily omitted in the resulting 2-D shell equations.

Micropolar gradient equations. The kinematic expansions, (3.2)—(3.4), obviously imply similar expansions
for their derivatives in the gradient Egs. (2.3) and (2.4), namely

{e(0,1),e,(0,0)} = XN:zn{eﬁﬁ(e“,t),e;ﬁ(e“,t)} (3.5)
n=0

To obtain the explicit expressions of the strain and microstrain of order (n), the variational gradient equa-
tion from Eq. (2.23) together with Egs. (2.3) and (2.4) is stated by

SL {7, 7} = SLoy {17} + SLyy m"} (3.6)
with
SLg {17} :/dt/dz/“[ez:f— (wjs + ead"))57 d4 (3.7a)
T VA A
SLyy ('} = / di / dz / ey — ¢)om dd (3.7b)
T VA A

for the shell region. The expansions (3.5) are inserted into these equations by replacing the deformation
components (3.2) and (3.3), and utilizing the relations (A.11), the components and their covariant deriva-
tives are expressed in terms of their shifted equivalents and the derivatives with respect to the surface met-
rics, respectively. Then, the integration is performed with respect to the thickness coordinate, and the strain
and microstrain fields of order (n) are obtained as

SLATY M} = /dt/ 0~ ST+ (e — ()M | da (3.8)

Here, sfn (6%,¢) and (j; (0" 1) are defined by
Qg;f) = “% - b/h”z (bﬁuL a Cuﬁ”; g ) + 8ﬂa(¢ 2Rm¢3n V4R ¢3ﬂ 2 )
c%>—-u§x4—bﬁuﬁ>+—ew4¢€, + (B = 2R3)) g, )] (3.9)
S0 = (n+ DY — nblul + Bl + (B — 2R}, ) Sl = (n+ 1)ulY
and
Gl = B = bpadt = (B =l Ll = o+ gy
&) =+ DU —nblgy’s ) = (n+ 1)y

Besides, the stress and couple stress resultants of order (n) that may be readily reduced to those defined in
terms of the physical components through

(1, M) = [ () e (3.11)
A

per unit length of the coordinate curves on the reference surface are introduced in Eq. (3.8).

Constitutive relations. The material of the micropolar shell is taken to be functionally graded along the
thickness, and hence, the elastic energy density X, the mass density p and the material coefficients, AR gkl
C™ 47 and B” in Egs. (2.5) and (2.6) are continuously dependent on the thickness coordinate z. The
dependency on the thickness coordinate was discussed and several criteria were proposed in choosing it

(3.10)
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(e.g., Markworth et al., 1995). Keeping in mind the dependency of the material coefficients, consider the
variational constitutive equation from Eq. (2.23) together with Egs. (2.5) and (2.6), namely

5Lc{eij, €ij} = SLC,,{e,‘j} + Bch{eij} (3123)
with

OLc,{ei} —/dt/dz/ (U )ae,,udA
SLoy{e) _/dt/dz/ ( )86,,udA (3.12b)

for the shell region. Substituting Eq. (3.6) into this equation, and then integrating with respect to the thick-
ness coordinate z and using Eq. (3.11), one reads the variational constitutive relations of the form

SLen{el }-/dt/( - >5e<"d

(3.13)
or
SLCP{G N = /dt/ ( M7 — )56 d4
Here, the elastic energy per unit area of the reference surface 4 by
r— / Sudz (3.14)
zZ

is defined.

In order to obtain the linear constitutive equations of the micropolar shell, the quadratic version of the
elastic energy function in Eq. (2.7) is inserted into Eq. (4.14) and then it is evaluated as before with the
result

(M — ij ij (n)
SLen{e;] }—/dt/ T —T;C Sej;dA

(3.15)
SL e} = / dr / M, — Y, )oedd
where

= ikl K (m) ij

= Z ( Um+n Um+n)€krln - Al(jrn+n)@(m)) (316)
m=0

S ikl ikl ij

Z ( l]7n+n l/m+n e/(d) - Bl(/;';1+n)@(m+")) (317)

m=0

Here, the prescribed steady temperature increment is represented by the power series in the thickness coor-
dinate of the from

N
O=> 047 (3.18)
n=0

in consistent with the deformation field, Egs. (3.2) and (3.3). Also, the material coefficients of order (n) by

{A%’(O"‘),B%I(O“),CE{SI(()“),A%,BEJI;)(O“)} = /Z {4 B CH AT B2 udz (3.19)
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are introduced. In the case of an homogeneous shell material, the coefficients take the form
{A051(0°), B (07), O (07), 43, (07), B, (09} = e, {47, B, €, 47, B} (3.20)
where

2hn+l

]’17 = " 1, dZ7 :[n_ZIn R [n R, In: =
{ :un} LZ{ :u} My (n+1) m + (n+2)g 2p (I’l+1)

Liapiy =0 (3.21)

Here, I, is the moment of inertia of order (n).

4. Divergence equations and boundary and initial conditions

In this section, paralleling to the derivation of the 2-D shell equations in the previous section, the 2-D
divergence equations and the boundary conditions of the shell are deduced in variational form from the 3-D
fundamental equations of micropolar elasticity. The derivation of the 2-D equations can be also accom-
plished through a direct integration of the 3-D fundamental equations in differential form. This will not
be included here, since the differential shell equations are reported in the next section.

Micropolar divergence equations. With the aid of Egs. (2.1), (2.2) and (2.23), the variational divergence
equation is written as

6Ld{[‘ia &z} = aLdn{L_‘i} + aLdp{gbi} (4-1)

with the denotations of the form
Ly (it} = / dt/ dz/ tﬁ“ + 274 p(f—a )}ugaaa n [tff + 2834l - a3)}5a3}udA
SLap{ i} = /dl/ dZ/ mﬁ” + m ;+ g et + p(1I7 b”)}uﬁuy

+[m +m% + et + p(P )}%}udA (4.2)

in terms of the shifted components of the deformation field. Inserting the expansions of the deformation
field, (3.2) and (3.3), into these equations, replacing the covariant derivatives with respect to the space met-
rics by those designated by a colon (:) with respect to the surface metrics through the identities (A.12)—
(A.14) and using (A.11), the variational equations above may be written as

5Ldn{u } — / dt/ /,udZZ tﬁfx bext/fr) n] 'ubvt/ﬁzn (31 _Zb§t30)z;1—l
[ = B3N+ ol i )}W
(2", + pbep(tP7 — zbI1)2 — nur2 " + p(fP — i) + (m33z")<3]5ug">> (4.3)
N
Lo ("y = [ar [ aa / e > 2 ({luto = om)2), = "2 = o =

o [l = )2 B @z 4 (il — ) bogl
+ [(um™2"). , + pbeg(m” — zbIm™)z" — num>z""!
— ap 3 53 33 (n)
g 4 (1P = )+ () )50 ) (4.4)

Here, some simplification together with Eq. (A.14) is considered.
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After applying Green’s theorem, and then using Eq. (A.6) and integrating with respect to the thickness
coordinate, one finally obtains the variational divergence equations of the micropolar shell of the form

SLo{u", ¢} = SLau{ul"} + Ly ("} (4.5)
with

N .
BLdn{uz@} - / dt/ Z(V'@ +F£n) _Al(n))au’(n)dA
T 4 =0

(4.5b)
N
(my — i i Pt (n)
SLap{ "} = _/Tdf/A ;(W(n) + Liyy = B,))d¢;" d4
Here, the denotations of the form
o o o fo o f3 3o o 3f o o
Vi = (T< —b Tn+1) = BTy = n(T4n = bpT() + Py = O
(4.6)
3 __ a3 Po o fc 33 3 3
Vi = Tl o+ bap(T = 05T 1) — nT 4y + Py — Qo
and
po o sPo oa B3 30 3 o
W(> (M —b Mn+1) —bM(n)—n(M(n b )+P —Qp(n)
+ o (T + T
3 o3 pa o gPo 33 3 3
Winy = MGy, o+ bug(My) = BIM) ) = nMi ) + Py = Oy
e (T = 0TI + BT (4.7)

are given in terms of the stress and couple stress resultants (3.11). The surface loads of order (n), measured

per unit area of the middle surface, by
(Pl O} = (e = 2b3'8,)2"  at z = {h,—h} 48)
[Py G} = 1™ = 26 5)2" a2 = {h,~h}

and the body force and body couple resultants of order (n) by
Fi = /Z o (f — 21z L, = /Z pz (I — 2b51731)d (49)

per unit area of A are given. The displacement and microrotation resultants of order (#) in the form

{AI Bl } Zp (m+n) i U¢ m} p(n) = /p,uz"dz (410)
Z

m=0

are introduced, and also, the notation as
tzx[3] — t13 _ t3o¢ (411)

is defined for an asymmetric stress tensor. In Egs. (4.5) and (4.9), the mass density is taken to be p = p(z) in
consistent with the dependency of all the material properties.

Natural boundary conditions. From Eq. (2.23) and Egs. (2.14)—(2.17), the variational boundary condi-
tions are expressed as

SLb = 8Lb,,{u,», lij} + 6Lbﬁ{¢i’ mij} (412)
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with
SLy, {ui, 1V }—/dt/ ¢ — nit?)du; dSJr/dt/ u; — u)n;dt7 dS (4.13)
20,
SLyp{p;, m"} :/dt/ (m/ —nimij)5¢id5+/dt/ (¢; — ¢ )n;om” dS (4.14)
T 00 T 20,

The deformation field is taken to be prescribed on certain part of the edge boundary surface and the
tractions are given on the remaining part of the edge boundary surface and the faces of the shell, namely

0Q, = C,US; USy, 0Q, =C,; 0Q, =C,USyUSy, 02, =C, (4.15)

Thus, the variational boundary condition (4.12) reads

Ly = / dr / dz / [(tf — Vo) i, + (1 _vm—*)am} pde
T VA C,

+/dt/ [(tf—n3t3ﬁ)uz6ﬁa+(ti—n3t33)5ﬁ3}dS
Sy
+/dt/dz v (u; — )8 ude (4.16)
r Jz Je,
iy = [(ar [ dz [ [0 = van )i, + (nd = )3 | nde
r Jz Je,
+ / dt/ [(mf — n3m3ﬁ),u;8q?51 + (m? — n3m33)8(7>3} ds
r St

. — ) om™ 1
—&-/Tdt/zdz ., vy (¢, — ¢;)dm” pde (4.17)

where Eq. (A.10) is considered.
Inserting the expansions (3.2) and (3.3) into the equations above and evaluating as before, the boundary
conditions are obtained as

O = / dt/ Z{ Yoy VeI — BT 0;{:1 )Jsul” + (T - VaTofH )5”§n>}dc
Ci n=0

N N
T S Ry — 0

uf  p= 0
N
+ / dr / vy (u hor, de (4.18)
T u n=0
OLay = /dt/c Z{ My = VoM = beUfﬂ )5y + (Mi( -V M1,3+1 )6d>§")}dc
m  pn=0
/d;/ s — Pl 39" dAJr/dt/Z*p + 08¢, d4
ut n= () S“ =0
N .
+/dt/ D vl — ¢;)3M, de (4.19)
r Cd> n=0

Here, in consistent with Egs. (3.2) and (3.3), the prescribed deformation field is expressed by the power ser-
ies expansions in the thickness coordinate. Also, the edge and surface loads of order (n) by
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and
M, :/ m’ — zbimP8 ) uz" dz;
w=J,! pm0.) (4.20b)
{P 7Q*p } - (m - Zb[fmﬁsl) ! at z = {hJ _h}
and the stress resultants of the form
o i o fo i, o oi oy rPo i
Tb(n)—T< —-b TnJrl 50, Mb(n)—M( an+1 55 (4.21)

are defined.

Initial conditions. The prescribed initial functions of the deformation field are represented by the
power series expansions as in Eqgs. (3.2) and (3.3), and then the initial conditions (2.18) and (2.19) are given
by

u" (0% 10) — o (07) = 0; wi"(0%) — i (0%,5) =0 on A(t) (4.22)
for the displacement components and
(0% 10) = g (07) = ;- B (0%) = " (0%,10) =0 om A(so) (4.23)

for the microrotation components.

5. A higher-order theory of micropolar shells

So far a hierarchical system of the 2-D higher-order equations is derived for the motions of a function-
ally graded micropolar thin shell of uniform thickness. It is consist of the gradient and divergence equations
(3.8) and (4.5), the constitutive relations (3.15), the natural boundary conditions (4.12) and the initial con-
ditions (4.22) and (4.23). All the equations are derived in variational form except the initial conditions in
differential form. Even the initial conditions may be derived in variational form through the appropriate
dislocation potential reported in (Altay and Dokmeci, 2004a,b). Now, inserting the foregoing equations
into the variational Eq. (2.23), the system of the 2-D shear deformable equations of the shell is expressed
in variational form as

SLs{As} = 8Ls,,{/lsn} + SLSp{ASp} = 0, AS = As,, U ASp (513_)
with the admissible state as
Asy = {Ufn) S C127eg—') € C007 Tl<]n> S CIO}, Asp = {(]’)l(n) € C127€§;l) € C007MZI) € CIO} (Slb)

Here, the denotation of the form
[ s i O\ o ) | i P (n)
OLsi{Asi} = . dt s Z (e =iy )87 + { T — dey S + (Vi + p(F () — 418

/dt ZT’ T(” ,/,+1 61/{ dC+/dt/ V(x (n) (n))STE':l)dC

C n=0 u n=0

/dt/ Pl = Piw) )ou'" dA+/dt/S Z L + O 5u )d4 (5.2)
utn() If n=0
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st () = [ [ aaS ey —aon, + (= 5o+ [, + ottt - B, ool }
T A —

N
# [ [ S [, vtoag, - o oot + /Tdf/c > (gl - g de
¢

Cm n=0 n=0

+/d[/ Zva((b,('n) o SMM dc+/dt/ *pn —P’ )qul(")dA
T Cs n=0 Suf p= 0

/dt/su 2; o T+ Q)50 (5.3)

is defined. The system of the 2-D equations is derived in invariant form that may be readily expressible in a
specific set of coordinates most suitable to the shell geometry.

Next, the variational equation (5.1) leads, as its Euler-Lagrange equations, to the system of the 2-D
equations of the micropolar shell in differential form, namely

el(.j'-’) w =0 ondxT (5.4a)
Tij—ar =0, T/ —T/ =0 ondxT (5.4pb)
(n) ae(n) - (n)c (n) — .
ij
Vig +Flpy =4y =0 ondxT (5.4c)
and
T = val Tl = b3T(,)8,) =0 on C,x T (5.5a)
Pl*n n Pil(n) =0 onSyxT; Qin(n) + Qﬁ,(,,) =0 onSexT (5.5b)
"~ =0 onC,xT (5.5¢)
and also,
(n) (n) _
€, — ;=0 ondxT (5.6a)
M —a—F*O M}, —M] =0 ondxT (5.6b)
(n) 66(n> - (n)e (n) — .
ij
Wiy +Liy = Buy=0 ondxT (5.6¢)
and
M) = va(M{) = BEM())8,) =0 on G, x T (5.7a)
Pip(ﬂ) - Pfu(n) =0 on Sur X T7 Qip(n) + Q;(n) =0 onS8yxT (57b)
¢ = ¢ =0 onCyxT (5.7¢)

in the notation of Egs. (3.9), (3.10), (4.6), (4.20) and (4.21), since the volumetric and surface variations of
the admissible state are arbitrary.

The system of the 2-D equations of the micropolar shell is evidently deterministic with n € [0, N] where N
is a finite number selected for a particular case of interest. It comprises the (42/N) equations governing the
(42N) dependent variables of the admissible state A5. Moreover, the linear system of the 2-D equations de-
fines the initial-mixed boundary value problems that have a unique solution under some prescribed bound-
ary and initial conditions, as is shown in the next section.
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6. Uniqueness of solutions

The classical result dealing with the uniqueness of solutions was credited to Kirchhoff in linear elasto-
statics and Neumann in linear elastodynamics (e.g., Love, 1944). Both of the results were relied on the po-
sitive-definiteness of stored energies that is one of the irrevocable axioms in continuum physics. By
appealing to the energy argument, the uniqueness of solutions was investigated in the 3-D linear fundamen-
tal equations of certain continua (e.g., Weiner, 1957; Mindlin, 1974; Altay and D6kmeci, 2004b ) as well as
in the linear 1-D or 2-D linear equations of structural elements (e.g.,Warner, 1965; Green and Naghdi,
1971; Mindlin, 1974; Dokmeci, 1978). Mindlin (1974) enumerated the conditions sufficient for the unique-
ness in solutions of both the 3-D fundamental equations and the 2-D equations of high frequency equations
of crystal and thermopiezoelectric plates. Green and Naghdi (1971) were concerned with the uniqueness in
the linear theory of elastic plates and shells, as did Dokmeci (1978) in the theory of thermopiezoelectric
laminae. Apart from the energy argument, the methods of analyticity and logarithmic convexity argument,
those involving the reflection principles and the Protter technique, and Holmgren’s theorem are currently
available in investigating the uniqueness of solutions (Knops and Payne, 1972). The methods with their own
features take a mathematical argument as fundamental, whereas the energy argument is based upon a phys-
ical axiom, and it is of wide use in the literature due to its relative simplicity (e.g., Altay and Dokmeci,
2001). Nevertheless, the newer logarithmic convexity argument (e.g., Altay and Dékmeci, 1998) that does
not impose a definiteness condition on the material elasticities is preferred for its own intrinsic interest in
proving the following theorem of uniqueness in solutions of the 2-D fully linear theory of the micropolar
homogeneous shell.

Theorem. With reference to the 0-set of geodesic normal coordinates in the Euclidean 3-D space =, con-
sider the micropolar shell of uniform thickness with its regular region V' + 0V, boundary surface
OV(=S. U SirU Syy), closure V(= V' UV) and the middle surface 4 at the time interval 7'=[ty,;) under
a prescribed initial data. The shell region is set in a motion that is maintained by an application of the as-
signed surface tractions and couples and also the prescribed deformation field over an appropriate portions
of the boundary surface S. Now, let

As=A,04,; A, ={u" e T0Y, A, ={¢" ¢ M} ondxT (6.1)

be an admissible state of the functions of (0 and ¢) that satisfies the hierarchical system of the 2-D gradient
equations, Egs. (5.4a) and (5.6a), linear constitutive relations, Egs. (5.4b) and (5.6b) together with Egs.
(3.16) and (3.17), divergence equations, Egs. (5.4¢) and (5.6¢), boundary conditions, Egs. (5.5) and (5.7),
and initial conditions (4.22) and (4.23). Also, let the mass density and the microinertia are positive definite
on the middle surface 4 of the shell. Then, there exists at most one admissible state Ag of Eq. (6.1) that
satisfies the aforementioned equations of the micropolar shell.

In order to prove the theorem, one considers, as usual, the existence of two possible sets of the admissible
state, Ag')“, that is, two sets of the three displacements, nine strains and nine stress resultants of order ()
and the three microrotations, nine microstrains and nine couple stress resultants of order (n) that satisfy the
six divergence equations, eighteen gradient equations and eighteen constitutive relations of order (n). Let

the difference admissible state be in the form

A=A A e T T
n n)2 1 n n)2 1 ij ij ij ’
(= 6" = 8", e (= =), M (= M, = MG )}

By virtue of the its linearity, the difference admissible state Aé") evidently satisfies the homogeneous system
of the 2-D equations of the micropolar shell. The homogeneous system of the 2-D shell equations consists
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of the gradient Eqs. (5.4a) and (5.6a), the linear constitutive relations (5.4b) and (5.6b) with Eqgs. (3.16) and
(3.17), the divergence equations from Egs. (5.4c) and (5.6¢c) as

Vig = Ay =0i Wi, =B, =0 (6.3)
the boundary conditions from Egs. (5.5) and (5.7) as

vi(Ty = b3T “fH §)=0, onC, xT;

Py =0 onSyxT; @, =0 onSyxT (6.4)

=0 onC,xT
and

v (M{,) — byM Jf+1 8)=0 onC,xT

P,y =0 onSyxT; @, =0 onSyxT (6.5)

(f)l@ =0 onCyxT
and the initial conditions from Egs. (4.22) and (4.23) as
uz('n)(O(x7t0) =0; L"En)(()aa fo) =0 on A(t)
O (0%10) = 0§ (0%.10) =0 on A(n)
Moreover, the total energy Eg of the micropolar shell in terms of the energy densities e, kK and X as

ES:/VedV:/AdA/Z(lH—Z)udz (6.7)

is recorded and the potential energy density 2 from Eq. (2.7) and the kinetic energy density from Eq. (2.22).
Thus, one reads for the total energies of the shell as

1 ) .

=5 [ [ ot 074 (63)
2 /4 VA ’
2 /4 z

for the difference state Agin Eq. (6.2). Expressing the deformation components by the shifted ones through
Eq. (A.10), and then substituting the series expansions (3.2) and (3.3) into Eq. (6.6), and integrating with
respect to the thickness coordinate, the kinetic energy of the shell is obtained as

1 N . i
_2AMZO(A(W)M(H)+B(71)¢(71)) (6.10)

(6.6)

where the displacement and microrotation of order (n) in Eq. (4.9) are considered.
Likewise, inserting Eqgs. (3.9) and (3.10) into Eq. (6.9), integrating with respect to z and applying the
Green—Gauss theorem for the regular region of the shell, the potential energy is expressed by

Us =83 [[an> (it b ) T T - BT
n=0

o o 33 n o 3
+ [T, , = bup(Thy — b“Tﬁ,,+1>+n<T<n,l>>]u§>+[ My — BIMUY ). ,f+b;M€n>

o o o oc o a 13 n

II

— af o3 o 0|3 n — 17 a o, of
— 5 T() + T&ll))«zsi)—sﬁr,( ) - 0T ’11 +R T,Lz)qb >} (6.11)
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with
1 N () )
_ fo 3 n po n o3 n
By = E%Cdcz Va[(Tzf) - b;T@H))“y’) + T(()(n+l)u3 + (Mf:) - b;MWH))(f)i '+ M<yn+1)¢3 ] (6.12)
n=0

in terms of the stress and couple stress resultants (3.11). On comparison of Eq. (6.12) with Egs. (4.6) and
(4.7) and use of Eq. (6.3) for the acceleration terms, the potential energy is given by

1 N . o

US :BE+B/F7§ /AdAZ(A(n)u(n) +B(n)¢(n)) (613)

with
! i pi N0 (pi SRV

B, = 3 /A d4 ZO[(P;(@ = Ot + (P — Opi) 91" (6.14)
A substitution of Egs. (6.10) and (6.13) into Eq. (6.7) yields the total energy as

Es—Bo+ By +1 dAZN: A i B " Ay B g (6.15)

s = D. STy y s (Ui n)Pi () Ui ) Pi :

for the difference set of solutions Ag. The stored energy density e is non-negative, by definition and initially
zero; so that the total energy Eg of the micropolar shell calculated from the difference state have the same
properties.

Now, for the uniqueness of solutions, a logarithmic function (Knops and Payne, 1972) of the form

G(t) =logH(t), ta<t <t<n <t (6.16)

with
H) :%/dA/p(u"u,-+Jff¢,¢,)udz at T = [to, 1) (6.17)

is introduced for the micropolar shell. The integrand of this function, and hence the function itself is non-
negative, since the mass density and the microinertia are positive definite.

Apparently, a trivial solution is implied for the difference state Ag by the condition H =0 for all
t € [0, T]. Accordingly, without a loss of generality, H(z) =0 is taken at the time interval T, = [¢y,7;) and
T> =[15,11), and also, it is assumed that H(z) > 0 at the time interval between them, t; <t <1t,. Then, it
is shown that G(7) is a convex function in the interval, namely

.. .. .2
.. H HH—-H
e — = ~1
G(1) (H) 7 >0 (6.18a)
or equivalently,

(=HH-H >0 int <t<nt (6.18b)

since H(t) > 0 is considered. To verify the condition (6.18), the first- and second-derivatives of H(¢) are cal-
culated as

0 = [ aa [ plitu -+, udz (6.19)
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and
1) = [ ad [ gl 7750, + ity + 77 s (6.20)
where the smoothness of the function is assumed. Replacing the deformation components from Egs. (3.2)

and (3.3) together with Eq. (A.9), integrating with respect to z and recalling the components of order (n) in
Eq. (4.10), the function H(z) by

1 = i n i n
H(t) =3 /dA > (4, u" + B, 6" (6.21)
A n=0
and its derivatives by
. N . .

H(t) = [ 4 (4" + B, o) (6.22)

A n=0

. N i Y o i . . (,,)

H(t)= [ day (Au” + B¢ +4i” + B,¢,") (6.23)

A n=0

are obtained.
As a last step, Egs. (6.21)—(6.23) are substituted into the convexity condition with the result

&’G S . S
X:?:/AM;(A(@% +Bl(n)¢i )AM;(A(n)ui +B(;1)¢,~ )

2
N i "i
- / da> (A, u +B(n)¢§">)] >0 (6.24)
A

n=0

This is readily satisfied by virtue of Schwartz’s inequality (e.g., Knops and Steel, 1969), and hence, the con-
vexity is established for the function G(7). By integrating twice with respect to time, the convexity condition
becomes

G(t) =logH(t) =Co+ Cit = 0 (6.25)
With the continuity condition of the function H(¢) at t = t; and ¢t = 1,, one obtains

HO) < [H@) " [H@)) " t=n—1, n<t<tn (6.26)
and then, contrary to the hypothesis above

H(t)=0 forte€[t,1) (6.27)

since H(t;) =0 is assumed at the outset. Thus, H(z) = 0 in the time interval 7; < ¢ < 7, and by continuity
assumptions of the field variables Ag of the micropolar shell, one arrives at the conclusion that the defor-
mation components vanish, that is to say, the difference set of solutions is trivial and A(SI) and /1(S2> are iden-
tical, and hence the theorem is proved without imposing the positive-definiteness of material elasticities.

The theorem may be also proved by use of the classical energy argument as was shown in thermoelastic
shells (Rubin, 1986) and in thermopiezoelectric shells (Dokmeci, 1978). Moreover, the theorem states only
that there exists at most one set of solutions for the micropolar shell. The complementary theorem that
states the condition for which there exists at least one set of solutions to the system of the 2-D equations
of the micropolar shell remains to be investigated.
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7. Conclusions

The main thrust of this paper is to derive consistently a unified theory for the high frequency vibrations
of micropolar thin elastic shells in invariant, differential and variational forms. As a first step toward the
theory, a generalised variational principle deduced from Hamilton’s principle is presented. The variational
principle leads, as its Euler-Lagrange equations, to all the 3-D fundamental equations of micropolar elas-
ticity, except the initial conditions. In the second step, the deformation field of a micropolar shell is chosen
as a point of departure for the derivation, and it is represented by the power series expansions in the thick-
ness coordinate. Then, the series expansions of the deformation field together with the variational principle
are used to deduce in a rational manner the hierarchical deterministic system of the 2-D equations of the
functionally graded micropolar thin shell from the 3-D fundamental equations. The 2-D shear deformable
shell equations incorporate all the significant non-polar and polar effects, and they govern all the types of
the vibrations of the micropolar shell at both low and high frequency. In the last step, the uniqueness is
investigated and the conditions sufficient for the uniqueness in solutions of the system of the 2-D equations
are enumerated.

The variational principle with its well-known features operating on all the field variables in micro-
polar elasticity is the counterpart of the generalised Hellinger—Reissner variational principle in elasticity.
The system of the 2-D higher order shell equations in invariant form is quite general, has no counter-
part in micropolar elasticity, and it is readily expressible in a particular system of coordinates most suit-
able to the shell geometry. The fully variational form of the 2-D shell equations has the advantage of
free and simple choice of the trial functions in the direct computation and simultaneous approximation
upon all the field variables. Besides, a theorem of uniqueness is proved in solutions of the system of the
2-D equations by use of the logarithmic convexity argument (i.e., without imposing the positive defi-
niteness of material elasticities) in licu of the classical energy argument used for elastic shells and plates
(cf., Green and Naghdi, 1971). On the other hand, certain cases involving special kinematics, material
and geometrical configuration and the alike can be obtained from the system of the shell equations.
The order of N =1 is the closest to Love’s first and second approximation for the elastic, anisotropic
and functionally graded micropolar shells. If the shell material is isotropic, the constitutive relations
follow from Eq. (2.11) and Egs. (3.16) and (3.17). In the case of plates, the curvature effects disappears,
that is, b,; =0 and the shell tensor becomes the Kronecker deltas, uj = 8; and u=1 in Egs. (A.3b),
(A.4)—(A.15), and the approximation of order N =1 recovers a generalized version of the 2-D equations
of micropolar plates reported by Eringen (1967). For a micropolar thin beam of rectangular cross sec-
tions or a micropolar strip, the dependency on the width coordinate x, is eliminated, and the deforma-
tion field degenerates into u” (x,,¢) = u!" (x1,£) and ¢\" (x,,1) = ¢ (x1,7). In such a case, the system
of equations for the approximation of order N =1 leads to the Bernoulli-Euler and Timoshenko
equations of micropolar beams (cf., Dokmeci, 1975). Moreover, omitting all the micropolar
terms, one recovers the higher order theories of functionally graded elastic non-polar thin shells and
plates.

Lastly, the existence, stability and error estimates of solutions and, in particular, the inclusion of the
shell parameter into the system of the 2-D equations of the micropolar shell remain to be investigated. Nev-
ertheless, the resulting equations appear to have many interesting features that will be focused on the
follow-up papers. The next step is to consider some applications as well as extensions of the system of
2-D equations involving with time and/or temperature dependent continua.
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Appendix A. Preliminaries of a surface geometry

In the Euclidean 3-D space Z, certain results from the differential geometry of a surface are summarized
to be self-contained in the derivation of the 2-D equations of micropolar shells, a more elaborate account of
which are given (e.g., Librescu, 1975).

Metric properties. Let 0" = {6*,0° = z} be identified with a set of geodesic normal coordinates and let the
regular region of a shell space V' + OV, with its boundary surface 0V (=S, U Sy U Sys) be referred to the set
of coordinates. Also, let z=0, z= —h and z = h define the middle surface (or reference surface) A, the
lower face Sjr and upper face Syr of the shell, respectively. The edge boundary surface S, is a right cylindri-
cal surface and intersects the reference surface 4 along a Jordan curve C. The 6*-coordinate curves form a
set of curvilinear coordinates on the reference surface. With reference to the 0'-set of normal coordinates,
the position vector R of a generic point P in the shell region takes the form

R(0) =r(0”) + za3(0") (A1)
subject to the restriction of the form
a;-a;=1, a;-R,(0")=a;-a,=2a;,=0 (A.2)

Here, r stands for the position vector of the projection of the point P on, a, for the tangential base vectors,
and a; for the unit vector perpendicular to, the reference surface A. Thus, the base vectors (g',g;) and the
metric and conjugate tensors (g;;,g") of the shell region are given by

go=a,+za, = ey, g =@, g=g =a;=2a’ (A.3a)
and

g = Ko, 83 =0, gu=1; g% =" )la, ¢°=0, g°=1 (A.3b)
in terms of those defined for the reference surface 4 of the form

A, =r, = ga(e'gvo); A, - Ap = dyp = gx/?(eavo)v a3-a3=asx =1 (A4)
a*al =’ = g?(0°,0), a*-a’=a" =0, a“a, =7

Here, pj or (,u’l); denotes the shell tensor that plays the role of shifters between the space and surface ten-
sors, and it is defined by

W= 8=zt )= (A35)
with the relations of the form

n= |:u?;| = (g/a)l/z =1-2zR, +22Rg§ g = |gij" a= ‘aab’|

. . (A.6)
WV = 8 20— b)) = 8+ adyy A= - b3S @l =
The mean curvature R, and the Gaussian curvature R, of the reference surface 4 are given by
Ry =3b, Ry = |bj| (A7)

In the above equations, a,5 and b,z denote, respectively, the first and second fundamental form of the ref-
erence surface. The third fundamental form is given by c,; = bwb;.

Relationships between space and surface tensors. A vector y may be expressed in terms of either the base
vectors (g, g') of the shell space ¥ or those (a;a’) of the reference surface A, namely

A=18 =18 =7a"+7:a =7a,+ 7 a (A.8)
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The shifted components (%, 7') of the vector y indicated by an overbar are associated with the components
(%) by

o

_ N — _ B — — —
=iy =W =Wt = P=n=7 =1 (A9)
Moreover, the ¢-alternating tensor for the reference surface is defined by
Eup = 8;433(2 = 0) = eaﬁ3\/a, = 8“ﬁ3(z = 0) = 6‘1/;3/\/;1; Eup = UEyp, & = ,Llilgo{[g (AIO)

where (2,5 or &) is the absolute surface tensors, (& or ¢”%) is the alternating tensor and (ejx or ¢’%) denotes
the usual alternating symbol.
Certain useful identities of the form
Yoop = 1T — b))y 10y = (W)L = bp)
Loy = Wl Tom = Tan + 0005 2= ") 3th 1 =7, + by (A.11)

X;,33 =33 = X33 = f33 = )_6?3

and those
w ) = (), p— ()b — by
win = (™), + by — () by (A.12)

Wiy = ()

for the components of an asymmetric tensor x”, and that

wile = (), o — () blr (A.13)
for a vector field ', and relation of the form
py=—p(u )bl (A.14)

are recorded, and they are used in replacing the covariant derivatives with respect to the space metrics by
those with respect to the surface metrics.

Differential elements. The surface element dS on the faces, the area element d4 on the reference surface,
associated with the volume element d ¥, and the line element along a Jordan curve C are given in the form

dv = \/gd0'd0’dz = dSdz = pudAdz, d4 =+/ad0'd®*, n,dS = uv,dcdz (A.15)

where, n; and v, are the unit vectors normal to the boundary surface 0} and the edge surface S, of the shell.

Appendix B
Nomenclature
) Euclidean 3-D space

0'(0,,0° = z) fixed, right-handed system of geodesic normal coordinates

t, T[ty,t;) time, time interval

k,2; K, U kinetic and potential energy densities, total kinetic and potential energies
L Lagrangian function

"W virtual work

A admissible state
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Q,0Q, Q regular micropolar region, its boundary surface and closure

e E stored energy density and total energy
n,v;  unit outward vectors normal to 02 and
t/,m”  stress and couple stress tensors

p; f',I' mass density; body force and body couple vectors

u', a'(=ii') displacement and acceleration vectors

¢:, b, J microrotation and microacceleration vectors (=J% éﬁi), microinertia tensor
i;, ¢, shifted components of the displacement and microrotation vectors

] prescribed steady temperature increment

e;,€; linear strain and microstrain tensors

BY. C" DUk material constants

f,m'  stress and couple stress vectors

ek alternating tensor
2h,Z =[—h,h] uniform thickness of micropolar shell, thickness interval
Ry least principal radius of curvature of the shell middle surface

€ = 2h/R, shell parameter

V,0V  shell region V' with its boundary surface 0V

A,C  middle (reference) surface of the shell and a Jordan curve that bounds 4

dc,dA,dS line element along C, and area element on the middle surface 4 and on the upper and lower
- faces of the shell

o quantity ” of order (n)
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